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Abstract

In this paper we consider a two-level system under the effect of an external
time-dependent field. We give a precise criterion for dynamical localization.
We then apply our result to the cases of external ac—dc and bichromatic field.

PACS numbers: 31.15.Md, 02.30.Gp, 02.30.Hq

1. Introduction

The study of the dynamics of two-level systems subject to external time-dependent fields has
attracted an increasing interest in these last years and it remains an active field in the present
days (see, for instance [BJL, BO, BW, DL, GH, SZH, WC, WFZ, WWM, WZ] and the
references therein). The main address concerns the understanding of the effect of tunnelling
destruction for critical values of the external field parameters.

Driven two-level systems have been the subject of great interest since the pioneering study
by Rabi who solved the problem of a two-level spin system in a circularly polarized magnetic
field. In the case of linearly polarized fields the Hamiltonian takes the form as in equation (1)
[DL, GH].

Two-level systems have also been introduced in order to describe, for instance, the
dynamics of a quantum state for Schrodinger equation with double-well potential under the
effect of an external driven field. If the external frequencies are not too large, as we assume to
be in this paper, then the ionization effect could be neglected and we can reduce our analysis
to a bi-dimensional space, that is the two-level system of the type given below. This is not the
case of a high-frequency regime where a coupling term between the two fundamental states
with the continuous spectrum must be taken into account (see, for instance [BMRZ, GS1,
GS2)).

The equation that describes the dynamics of a two-level driven system can be written as

ihg = Hig Hi = co1+ f(H)os (1)
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where € is the splitting parameter, ¢ denotes the derivative of ¢ with respect to the time ¢,

()
o) = (¢z(t))

f () is the driving force that depends on time and o | 3 are the two Pauli matrices:

(01 q (10
0'1—10 an 0'3—0_1.

Hereafter, we set the units such that 7 = 1.

One of the most interesting effects associated with equation (1) is the so-called dynamical
localization effect that we are going to briefly explain here. When the external field is absent
then the solution of the unperturbed equation

ip =eorop $(0) = ¢°

for an initially localized wavefunction, e.g. |¢7] = 1 and ¢5 = 0, is a periodic function
with period tp = 2?” and |¢;(¢)| and |¢,(¢)| periodically assumes the values O and 1. It has
been found [GDJH] that in a periodically driven two-level system such an initially localized
wavefunction has, for certain values of the system’s parameters, a nearly localized behaviour
for times of the order of the unperturbed period 7z, as if it was ‘frozen’ by the periodic
perturbation. This phenomenon is usually called the dynamical localization effect.

Recently, several results concerning the dynamical localization effect, both numerical and
analytical, have been given in the case of ac—dc external field [WZ] and [WFZ], bichromatic
external field [WR] and random external field [SZH]. At present the full description of the
occurrence of the dynamical localization effect is not yet given in a general setting and the
only rigorous result is given in the case of a monochromatic external field [GDJH].

In this paper, by means of quite simple techniques, we compute (theorem 1) the solution
of equation (1) by means of a convergent power series for times of the order of the period
tp = 2m /€ and we also give a general criterion (see equation (8) after corollary 2 and remark 4)
for the occurrence of the dynamical localization effect in the limit of small splitting and for the
fixed-driven field strength. Our result is very general and it could be applied to any driven field.

In fact in section 4 we consider the case of an ac—dc external field. In such a model we
have, in agreement with the results obtained by [WZ] and [WFZ] by means of other techniques,
dynamical localization for any external frequency w such that 2a(/w is not an integer number
(ap here denotes the strength of the dc field); for resonant frequencies such that 2ap/w = n
is an integer number we then have a periodic behavior of the solution ¢(7) with fundamental
period 2w /J,(2a/w) where a denotes the strength of the ac field and J, is the nth Bessel
function of first type.

In section 5 we consider the case of a bichromatic external field. In such a model we
prove that the effect of dynamical localization is strongly sensitive with respect to the ratio
between the two driving frequencies (see theorem 9 and remark 12). This fact could suggest
the appearance of quantum chaos as discussed in [EF, PDG, WR].

2. Main results

For our purposes it is convenient to write the original equation (1) in a different form by means
of the transformation

v = (%) — cleng where «(t) = /lf(é) d§.
V) 0



Dynamical localization criterion for driven two-level systems 10295

Then equation (1) takes the form

s o —iao 0 66210{
i = Hyyr H) = ee“%01e™ " = <662ia 0 ) 2

that is
i) = ey
i, = ee Wy
with initial condition v, (0) = ¢° = ¢°.
We are going to compute the solution ¥/ (#) of equation (2) for any # in the interval [0, 73],
where tp = 27 /€, in the limit of small €.
If ¥y} = v; = 0 then the solutions of equation (3) are simply givenby () = ¥ (t) = 0.
In the following, let ¥/ # Oory; # 0, in particular we can assume, without loss of
generality, that f(¢) is a real-valued piece-wise continuous function and that

v #0 and [y | < (7).
We have that:

3)

Theorem 1. If the limit

1 . ro
lim —1() =1 where (1) = / eZe® gg 4)
0

t—+00

exists, then for any n > 0 there exists €y > 0 such that for any € € (0, €y) the solution Vr;(t)
has the form

t
Yi(t) = ¥ exp [ f v(§)e*® ds}
0
where v(t) is given by the uniformly convergent series for any t € [0, t*/€]:
o0
(1) =) va(t)e" )
n=1

for any T < Tmax fixed and where Tnax = max[l/(52\/|IA|), 1/2] iff # 0, Tnax = +00 if
I =0,and

n() = = ~i%2
n() = — / [cfe?@® + e 2 ®] dg (6)
0

n—1 ¢
)= =3 [ Ou@u @ n>3.
=1

In particular, we have that:

Corollary 2. If I = 0 then for any n > 0 there exists €y > O such that for any € € (0, €) then
WP =P <n and  [WeOP =1y <n Viel0]. (D
Remark 3. We underline that if the limit (4) exists then e?%) is usually called a KBM-vector

field with average I (see [SV] ch 3). In particular, in the case I = 0 then (7) could be seen as
a result of general averaging techniques.
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Remark 4. As a result of corollary 2 it follows that the condition
I=0 (8)

implies dynamical localization: if |¢]| = 1 and ¢; = O then ¢ ()| ~ 1 and | (t)| ~ O,
forany t € [0, t5], as € goes to zero. That is the initial state is ‘frozen’ by the external field.

Remark 5. By making use of the same techniques we can extend our analysis to the case of
€ depending on ¢. Indeed, now let the splitting parameter be given by

€ =€(t) =€h(t)

where € is a real constant parameter and /A(?) is a given bounded function. Then, in the limit
of € that goes to zero the localization criterion holds where we define now

I[(t) = / h(€)e?@® dg.
0

In particular, if f(#) = c is a constant function and /(¢) is a periodic function with period 7,
then we have dynamical localization for any non-resonant ¢ such that ¢7/2m is not an integer
number.

3. Proofs of theorem 1 and corollary 2

In order to compute the solution of equation (3) we observe that (3) is equivalent to the
second-order differential equation

Yy = 2if ()Y, + €Y1 =0 )

with initial condition

V1(0) = ¥y and U 1(0) = —ieys.

Now, if we set
t t
Y1 () = Y7 exp [ f v(E)e ds} a(r) = / f&)dg
0 0
we have
i
Vo(t) = Ev(t)%(t)
and that equation (9) takes the form of the generalized Riccati equation

5
vy

v+ed? 4ot — v(0) = —ie

(10)

We have that

Lemma 6. The formal solution of equation (10) is given by means of the formal series (5)
where the function v, () are defined in (6).

Proof. The proof of this lemma is quite standard, see for instance [B]. By substituting v(¢) for
(5) in equation (10) we obtain the following sequence of equations
v =0 i)2+eZi°‘vf+e_2i°‘ =0
. (11)

v, + 2 E Vevy—p =0 n=>=3
=1
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which have solutions

t
U](l‘) =C] Uz(t) = —/ [C%CZW(&) + e_zm(é)] dé;' +C
1 ’ (12)
n— t
w) ==Y [ Ou@u @ v, 033
=170
In particular, since v(0) = —ie Z—? for any €, we set
c1=—iwi and c, =0 Vn>=2
V)
to obtain (6). ]

Now, we are going to prove the convergence of the series (5) for times of the order of the
unperturbed period t5 = 27 /€. To this end, we prove that:

Lemma 7. Let v, (t) given asinlemma, for any o € [0, 1]and any C > 0 fixed, lett; = Ce™,
then

[ ()] < (1+|e)Cp e D V=1 fortel0,n] (13)
and

lua ()] < CRe=D2[ )P/ Yan>1 fort >t (14)
where

41 1

Ci={U+|cDC and Cr=({+]|c1]) E+8 19643 | < 52
c1 = —iyry /] is such that |ci| < 1, and [I]; is a monotone non-decreasing function defined
as

t if t<t

I, = : 15

). {max [t1, maxeern IEI]  if >0 (15)
and

I1(t) = / e2®) gg. (16)
0

Proof. We prove this lemma by induction. Since v;(¢) = ¢y, then (13) is true for n = 1 and
for any ¢. For n = 2, from (6) it follows that

t
lva(t)] = ‘/ [cfezw‘@) +e’21°‘(5)] d&‘
0

t t
g/ |cfe2wf@>|d5+/ e @] de < (1 +]al*)
0 0

< (L+el)’r.
Let us assume that for some n > 2
lue()] < (A +Jey e V>0 (17)

is true for any £ < n, then from (6) it follows that

INOEDS /0 00 (E) o (6] d
=1

n t
< sl [ e as = e,
0

=1
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Therefore, estimate (17) is true for n+ 1, too. In particular, for ¢ € [0, #;] the estimate (13)
follows for C; = (1 + |c¢;|)C. In order to prove (14) let

u, (1) = n*v, (1) n>1.

Then equations (11) take the form

i =0 iy +4 [ezwu% + e’zm] =0
n—1 nz
. 2ia
i, +e ——— gty =0 n>=3
n ;zz(n_z)zéné =
which have solutions
o
(0 = ¢ = —i2
14
t
ur(t) = — 4/ [c%ezw‘(é) + e_zw‘(g)] d¢
0
n—1 2

n
u,(t) = — —————=U,_1,(t) n=3
; 2(n — £)?
where
t
Upe(t) = / P 1 (€ it g1 o (£) .
0
Now, we are going to prove that
i, ()] < @GCY DRV 4 o) (18)

for any C> [% + ﬁ 19643] and any ¢ > t1, from which immediately follows the estimate
(14). To this end we check that (18) is true for » = 1 and n = 2; indeed:

lur ()] = lerl < 1+ ey
and

u2(0)] =4[t 1) + TO| <UD (1+]e1P) <4CH P (A + e ])?
since € > 1 and, by definition,

HOI< U]l Ytzn and [I(D)] < 1. 19)

Let us assume that for some n > 2 the estimate (18) is true for any ¢ < n, then we prove that
(18) is true for n + 1, too. Indeed, by integration by parts, we have that:

" (n+1)2 X " (n+1)2 5
==y —— " Ul -y ——— U,
1 (6) ;Zz(n+l—€)2 ne () ;Ez(n+1—€)2 ne(t)
where

Uy o (6) = T()ue (1) tpe1—e(t)

and

Uy (1) = —2/0 1(E)ie(§)uns1—(5) d§.
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From the above equations it follows that
Uz () =0

U2, =2 /0 1A [S“OuE) + 24O, (€) de

62 o
Ul =2y FETne / O T (Euj (E)uej(Eupir—o(§)dE €= 3.
- 0
By induction we have that
|Un o0 < TOIEC)" DRV 4 e
2E @Oy as e |
since (19). Moreover,

[U2,(0)] <81+ e (1 + [er )" @) 211" 2)/2/ 11(£)|"~P72 dg

< — 2 [acyerunavien]
(n —2)C*

since, for #; < ¢, we have that

/ @) dt < / I ©ECDR e + / 1©)IE" 2" dg
0 0 f

2 2
< _t1(n+2)/2+ [I],—t”/z
n n—2
2 -2
<" [" f +[1]z}
n—2
4
< ——"?1,.
— "1,

Finally, we have that for £ > 3
-1

~ 22 ! n—
|Unz,z(t)|<2(4C)"_2(1+|c1|)"HZW / 1@ g
= - 0

ACy" w22 [ -
< (8 ST >"”Z z(z el 2”2/ 1(®))E"27 dg

ey
T2 -2)

where we denote

o (m+1)?
Fln) = ; Cu+1—02

L+ e )™ 2P F e — 1)

Therefore:
|1 ()] < B, (30" LT (1 + e )™ n>3

where

F) 2 (n+1)?
F, = SF(—1) |
[ 4C (n—Z)CZ 2n —2)C Kzﬁz(nﬂ ( )}
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If we observe that
41
F=maxF(n) = FQ3) = K}

then
F 2 F?

F
Fn é — + o) + ) g A
4C n—-2)€" 2m—-2)C° 4C (¢° 2oC

foranyn > 3 if

. F 1 41 1
> — + - F2+128=|—+—+/19643|.
C 3 +8 33F%+ 128 [72+24 96 3}

O
The function [7], defined in equation (15) has the following property:
Lemma 8. Let o, C andt; = Ce™ be as in lemma 6; if the limit
1 .
lim -I(t)=1 (20)
t—+00
exists, then for any § > 0 there exists €y > 0 such that for any € € (0, €y) we have that
t if t<t
[ < i if 1<t <maxln, /(1] +8)]. @n

(f+o)r  if n/(f1+8) <t

Proof. From (20) we have that for any fixed § > 0 there exists 7 such that |1 (7)| < (1] +8)t
for any r > 7. Now, let €y be such that

I<Ce”<Ce” =1 0<e<e.
From this and from the definition of [/]; the lemma follows. [l

Now, the proof of theorem 1 is an immediate consequence of lemmas 6 and 7.
In order to prove the corollary 2, let

Yia () = Y7 exp [Zem /0 e”* @y, €) dé] : (22)
m=1

Then, we have that

2GRS [Zemvma)} V(1) =
m=1

t
| ezw@vm(s)ds‘ .
0
Now, Vi (t) < |[I(t)||c;]| for any . Moreover, for m > 2 we have that if r < #; then
t
Vin (1) < / lum (E)| A€ < (1+|eiNCY e DCe™ < Ce™
0
and, if t; <t then
t t
Vi (1) < f |vn (§)] d& +/ lumE)Idg < (1 +[er)CP e Ve
0 h
t
* / Cyem VR de < e + V(1)
41

V(1) = Cpr D2 pym=072
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where, from the above lemma, we have that

Vo < Cyyms=(m+h/2 it n<t<n/s
M s/ if 1/8<t ’
Hence,
Cyle ™ if 1<
V() < { Clo=(msh/2g—ma if n<r<n/s

Clre™m 4+ Cngm=D12e=m —if /5 <t <ty ==

€

for some constant Cy4, Cs, C¢ and C7. Therefore:
V(i)=Y " Vu()
m=1
converges for € and § small enough and such that €!~* « §. In particular, we have that

o0
V() <etp+ Y Crem™ < Cue'™ if 1<t

m=2

o0
V(1) Setp+ Y Crsmmigmd=e

m=2

< Ce' ™ 4 Cse?1-0§73/2 if 1 <t<n/s

V(1) < edtp + Z [Cglem(lfa) + C;na(mfl)/Z]
m=2

<218 + Cee® 170 4 €181/ if 1/8<t<t3
for some positive constants Cy4, Cs, C and C;. Hence,
V() < Cg8'/? vt € [0, t5]
for some constant Cg and
W10 = ¥71 < [yl OV <|y7ICss'? Vi € [0, 15]

for some constant Cg. The corollary follows from this fact and from the fact that the quantity
E(t) = |¥1(1)|?> + |¥(t)|? is an integral of motion; i.e. E(t) = E(0). Indeed:

E=y W+ + V00 + 9,0
=iee 2,0 — i€e® ™V +iee® VY — ice A =0

where v/, (respectively 1/,) denotes the complex conjugation of v, (respectively ).

4. Dynamical localization for driving ac—dc fields
Here, we consider an external field of the form
f(t) = ap +acos(wt) (23)

where ay is the strength of the dc field and where a and w are, respectively, the amplitude and
the frequency of the ac field. We consider, at first, the case ap = 0.
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4.1. Case ag =0

This model has been introduced by [GDJH]. We have that «(f) = a/w sin(wt) is a periodic
function. Let

A 1
I = lim —1I(1).
t—+00
Then, we have that (see formula (9.1.18) in [AS])
R w 21 /w o
= — ezal sin(wé) /o dg — J(](Za/a))
2 0

where J is the zeroth Bessel function. As a result of corollary 2 and remark 4 we have
dynamical localization when a and w are such Jy(2a/w) = 0.

We underline that in such a model an expression for the approximate solution of equation
(3) could be also obtained by means of the average perturbative method [GDJH]. In such a
case we have that « (7) is a periodic function with period T = 27 /w and we can approximate
the solution v of (3) by means of the solution ¥ of the ‘average’ system given by

i, = A, A o
: . 0) = 24)
{il/fz = Ay v v

where A = e Jy(2a/w). It is easy to check that equation (24) has solutions
U1(t) = cos(AD Y — isin(At)ys Va(t) = —isin(A1) Yy + cos(A) Y5

By means of the average theorem [A2], we have that, in the limit of small €, there exists
a constant ¢ such that

[P12(0) = Y120 <ce V€0, 1g].
Hence, the solution 1/ (¢) of the perturbed equation (3) exhibits a periodic behaviour with
period 15 = 277/ A; in particular, when the eternal frequency assumes a resonant value such
that Jy(2a/w) = 0 then the periodic motion disappears and we have dynamical localization;
ie.:

Y12 — ¥2(t)| < ce vt € [0, tg].

4.2. Caseay #0

In such a case we have that «(t) = aot + a/wsin(wt). This problem has been discussed in
[WZ, WFZ] where the numerical and analytical evidence of the occurrence of the dynamical
localization effect has been given; here, making use of the criterion given in corollary 2 and
remark 4, we give the rigorous proof of the occurrence of the dynamical localization effect
when 2ay/w is not an integer number. Let
t
I = IAaM = lim l/ exp{2i[apé + a/wsin(wé)]} d&
0

t—+00

t'—+00

lim %/Ol exp{2i[apé + a sin(§)]/w} d§.
Then:
Theorem 9. We have that
Laga = Ju(—2a/w) if 2a0/w=neZ (25)
where J,, is the nth Bessel function, and
laya=0 if  2a0/o ¢ Z. (26)
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Proof. If 2ap/w = n is an integer number then e?“() is a periodic function with period 27r. In
such a case we have that | a.a = Jn(—2a/w) where J, is the nth Bessel function. This result
is a consequence of the formula (see section 12.3 in [AS])

1 i i(vx—p sinx .
pe / eHOTIID g = J,(B) % iE, (B)
T Jo

where E, are the Weber functions and J, are the Anger functions such that J,, = J,, when n is
integer, and from the fact that

| . 1 . o
| P g = / e2®) 4t +/ e2®) gg
2 7 2 0 —
1 T, T .
— [ / e?*® dg + / g~ 2@ dé} = Jy(—2a/w).
0 0

:27r

If 2ap/w € R — Q then IAaO’a = 0. Indeed, let

ix L 2ia/w sin(y)

g(x,y)=c¢e"e

from which
. 1 [
l4.0 = lim —/ g(wit, wrt) dt
t—o0 0

where w; = 2ag/w and wy = 1. Since w;/w, ¢ Q then I a.a coincides with spatial average
value [A1] of g on the torus 7', hence

~

1
laga = — ,y)dxdy =0.
0 |T2|/T2g(x y)dxdy

Finally, if 2ag/w € Q — Z let 2ap/w = n/m where n and m are two integer numbers, which
have no common divisor, such that m # 1, then /,,, = O for any a. Indeed, 2ix () is a
periodic function with period 2ms and

. I
Lopa = tlim ;/ exp[ni&/m + 2ia/wsin(§)] d&

—00 0

mim

= L exp[ni&/m + 2ia/wsin(§)] dé
2mi J

L exp[ni&é + 2ia/wsin(mé&)] d&.
27 ),

Now, from formulas (9.1.42) and (9.1.43) in [AS], we have that

. 1 o0 o0
laga = - |:Z arJu(a/w) +izbk12k+1(2a/w):|

k=1 k=0

where all the coefficients a; and by are zero since n # km:

ay = / e cos(2mky) dp = 0

-7
and
by = / e sin[(2k + 1)mg]dg = 0.
-7

The proof of the theorem is completely given. U

As a result of corollary 2 and of theorem 8 it follows that dynamical localization occurs
for any value of the external field parameters with the exception of the case 2ap/w = n integer.
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For such values we expect to observe a quasi-periodic motion with fundamental period given
by 2r/J,(—2a/w). The physical reason for this result is clear enough for a double-well model.
Indeed, the dc field produces a localization result [CL] and the splitting between the two new
fundamental states proportionally increases with respect to the dc field strength. The ac field
does not affect this localization effect provided that the external frequency does not satisfy
a resonant condition, that is the external frequency is not an integer multiply of the splitting
between the two new fundamental states. For resonant values of the external frequency, the
ac field couples the two new fundamental states and the beating effect between the two wells
is restored (but with a different period).

5. Dynamical localization for driving bichromatic field

Here, we consider an external field given by two different monochromatic fields with same
amplitude n and different frequencies w; and w;:

1
f (@) = Snleos(wt) — cos(@yn)].

Therefore,
' 1 [sin(wiz)  sin(wst)
a(f)=/f($)d€=—§n[ i) _ sinw; }
0 wi w2
and
S 1 rt . .
I =100 =1m-[ exp {—in |:Sln(a)1.§) _ Sm(”z&)}} dc.
t—oo t Jy i s
If we set
A=-L and Q=2
wy w

then it follows that

I= IA,,,wl,a,2 = fA,Q = tl_l)n;) ; /Ot exp {—iA [2sing — sin(Q2q)]} dg.
We have that:
Theorem 10. If Q2 = 1 then IAA,l = 1forany A. If Q # 1 then

Ing = Joz)Jo(z2) + Rag 27)
where zy = AQ = n/wy, 20 = A = n/w, and
0 f QeR-Q
Rr o = X n 28
A {Z(Zioozl;ﬁo Jnl(ZI)JmZ(ZZ) lf Q= e S Q ( )

where n and m are two integer numbers which have no common divisor.

Proof. In the case 2 = 1 the result follows immediately. In the case 2 # 1 we recall that
(see formulas (9.1.42) and (9.1.43) in [AS])

o0

eizsimp: Z Jk(Z)Cik(p.

k=—00

Then, if we set

71 = AQ =A p1=gq v = Qq
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1+

0.87

0.6

0.4+

0.2

Figure 1. In this figure we plot the graphs of the function [ w1, Versus 1 for Z—; = % (broken
line) and % = lgﬁ (solid line). Dynamical localization effect, corresponding to the zeros of the

function 7, that appears for some values of 7 in the case % = % disappears drastically when
) goes from 1.001 to 1.

it follows that

o0

Irg= Z Ji(z1)Je(z2) Dy ¢
k,{=—00
where
T 0 if QU#£k
— L o €Q-kg 4, —
Die = lim > | e dq {1 if Qe=k"

From this fact and from the estimate

IJu(2)| < |2/2"/n! (29)
(formula (9.1.62) in [AS]) then (27) follows and the series giving R, g is absolutely convergent.
O

Remark 11. From (28) and (29) it follows that

oy = Jo(n/w1)Jo(n/w2) (30)
if w; and w, are incommensurate numbers (in such a case (30) is an exact formula) or if
Z—; = - € Q where n and m are two integer numbers large enough, which have no common
divisor.
Remark 12. Let j, be the nth zero of the Bessel function Jy; e.g.: jo = 2.404825558, j, =
5.520078110, j, = 8.653727913,.... Then, if the external field is such that n/w; =

Jn OF n/wy = j, and if w; and w, are such that (30) holds, we have dynamical localization.
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Remark 13. In order to understand how the dynamical localization effect depends on the ratio
i /w,, we compare the functions [, ., .,, for n € [0, 10], where, respectively, Z—; = % and
i _ 1.001

o 5 Inthe second case we can apply (30), while in the first case we have the remainder

term R, o which gives a significant contribution. As appears in figure 1, only in the case of

Z—; = @ we have the occurrence of dynamical localization effect for some values of 7.
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